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Abstract. Systematics of the melting transition for sodium clusters with 40–355 atoms has been studied
with both ab initio and semiclassical molecular dynamics simulations. The melting temperatures obtained
with an ab initio method for Na+

55 and Na+
93 correlate well with the experimental results. The semiclassically

determined melting temperatures show similarities with the experimentally determined ones in the size
region from 55 to 93 and near size 142, and the latent heat in the size region from 55 to 139, but not
elsewhere in the size region studied. This indicates that the nonmonotonical melting behavior observed
experimentally cannot be fully explained by geometrical effects. The semiclassically determined melting
temperature and the latent heat correlate quite well, indicating that they respond similarly to changes
in cluster geometry and size. Similarly, the binding energy per atom seems to correlate with the melting
temperature and the latent heat of fusion.

PACS. 36.40.Ei Phase transitions in clusters

1 Introduction

Usually clusters melt at temperatures lower than bulk
because of their high proportion of surface atoms with re-
duced binding energy. This has been observed both in the-
oretical simulations [1,2] and in experiments [3–5]. Excep-
tions also exist: Shvartsburg and Jarrold [6] demonstrated
that small tin clusters ions with 10−30 atoms remain solid
above melting temperature of bulk tin. Nevertheless, in
general, as the cluster size decreases, the melting tem-
perature and latent heat of fusion per atom decrease and
the melting transition region widens [1,7]. For example,
the melting temperatures of tin clusters decrease system-
atically as the size of the cluster decreases from 50 to
5 nm [1]. Rytkönen et al. [8] estimated the melting tem-
peratures for sodium clusters in the size range N = 8−55
using an ab initio simulation method and found that they
decrease nearly monotonically as a function of size. How-
ever, because almost all sizes studied were electronically
magic, these calculations do not exclude the possibility for
nonmonotonical behavior. There is indeed evidence indi-
cating that the melting temperatures of sodium clusters do
not vary monotonically with cluster size for clusters small
enough (<350 atoms) [7,9–11]. Nonmonotonical melting
temperature variation has been observed in numerical ex-
periments also for argon clusters [12].

The melting transition of a finite cluster does not oc-
cur at a well defined temperature as in the bulk. Instead,
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the melting transition spreads over a finite temperature
region, and the temperature range broadens as the clus-
ter size decreases [13,14]. The freezing temperature Tf is
generally defined to be the lower end of the melting tem-
perature range below which the cluster is completely solid
and, respectively, the upper end of the range defines the
melting temperature Tmelt above which the cluster is in a
completely liquid phase.

Between Tf and Tmelt, clusters show premelting, struc-
tural isomerization [7,15], and dynamical coexistence. The
most usual premelting case is surface melting [16–18]. Sur-
face melting of a cluster occurs over a broad temperature
range, whereas homogeneous melting of the solid core oc-
curs abruptly [19]. Clusters small enough also exhibit dy-
namical coexistence where the cluster can fluctuate in time
between solid and liquid phase [16,20–24], so an ensemble
of clusters is a mixture of low-energy (solid) and high-
energy (liquid) forms. In the coexistence region, where
both solid-like and liquid-like states can occur, the en-
ergy as a function of temperature may exhibit an S-shaped
curvature. The curve is called the caloric curve and its
derivative, C(T ) = ∂E/∂T , the heat capacity.

There are a number of methods how melting transi-
tion can be detected and the melting temperature deter-
mined. Melting transition of a cluster is commonly char-
acterized by a broad peak in the heat capacity instead of
the usual delta function in the bulk [3,5,11,13]. One pos-
sibility to define the melting temperature is to identify the
temperature of the maximum heat capacity as the melting



40 The European Physical Journal D

point [3,5,10,11,13,25], or equivalently a steep rise in the
potential energy versus temperature curve [1,2,4,19,26].
Melting temperature of the cluster can also be determined
from the mean square displacement (MSD) as a function
of temperature [2,7,27]. In the case of the MSD, it is
not so easy to define the temperature where we can say
that the cluster melts [28]. One possibility is Lindemann’s
criterion [29,30], stating that melting happens when the
root-mean-square displacement (for a relatively short time
interval) for the atoms of the cluster reaches a critical frac-
tion (δ > 0.1) of the distances between them. The melting
temperature has in some cases been taken as half the value
of the coexistence interval, (Tf +Tmelt)/2 [21], and in some
cases as the value Tmelt [19].

The first experimental study of the melting temper-
atures of sodium clusters has been performed by Martin
et al. [31]. The disappearance of the geometric shell struc-
ture in mass spectra of sodium clusters as the cluster en-
semble is heated was used as a criterion for melting in this
study. In general, the melting behavior was monotonical
as a function of cluster size. With this method, however,
no information could be extracted on the melting behavior
between the geometrically magic sizes. After that, a mea-
surement of the melting temperatures has been performed
by Haberland and collaborators [3,11,13]. In this work,
the melting temperatures of sodium cluster cations were
deduced from caloric curves obtained from photodissoci-
ation measurements. According to these measurements,
the melting temperature is not a monotonically increasing
function of cluster size. In particular, the melting temper-
ature of Na+

55 was found to be higher than the ones for
the other sizes in the range N < 350 atoms. The melt-
ing temperature as a function of cluster size show also a
pronounced peak of the melting temperature at N = 142.

A number of computer simulations on melting in small
sodium clusters has been reported. The majority of the
simulations has been performed using phenomenological
interatomic potentials [7,23,32–36]. Other simulation type
include ab initio methods [2,37–39], which allow a more re-
alistic treatment, but are computationally much more ex-
pensive than the ones performed using phenomenological
potentials. Calvo and Spiegelmann [10] employed a classi-
cal empirical potential (they used an abbreviation SMA),
which is the same as we used in our semiclassical calcula-
tions, and a simple tight-binding model (TB) to study the
size range N = 8−147. They observed that for less than
75 atom clusters, both the melting temperature and the
latent heat of melting exhibit strong, nonmonotonic vari-
ations as a function of size. For large sizes, the transition
was found to resemble the bulk solid-liquid phase transi-
tion rounded by finite size effects. Rytkönen et al. [2] used
ab initio molecular dynamics simulations to study the dy-
namics and electronic structure of Na55. The melting tran-
sition was observed in the region 300−350 K with latent
heat of melting 11 meV/atom. Aguado et al. [37,38] per-
formed constant energy molecular dynamics simulations
with the Car-Parrinello technique using semiclassical den-
sity functional theory. Surface melting was observed at
∼240 K for Na142, homogeneous melting at ∼270 K, and

Table 1. The melting temperature, the latent heat of fusion
and the width of the transition region as a function of cluster
size.

N Tmelt [K] L [meV/atom] width [K]

55 162 8.3 26

93 133 4.2 31

110 147 6.1 15

120 183 7.9 18

139 186 11.8 8

142 186 12.1 2

147 176 11.1 4

168 173 7.9 15

184 175 8.1 15

193 184 9.4 14

215 180 10.0 20

247 193 11.2 9

271 214 13.8 9

279 214 8.8 2

299 211 14.5 3

309 204 22.3 8

339 203 12.3 9

345 194 11.5 20

355 202 11.4 8

for Na92, respectively, at ∼130 K and ∼240 K. Na55 was
observed to melt at 190 K.

It has been experimentally observed that for large
sodium clusters, the peaks in the mass spectrum corre-
spond to icosahedral shell closings [40]. For small sodium
clusters, the peaks of the mass spectrum have been ob-
served to correspond to electronic shell closings [5]. Be-
cause of the electronic contribution, the binding energy
per atom reaches a maximum at electronic shell clos-
ings [41]. However, the large fluctuations in the experi-
mentally determined melting temperatures are not corre-
lated with either electronic or geometric shell closings, and
consequently the fluctuation in the melting temperature
against the number of atoms can not be directly explained
in terms of either of these quantities.

Experimentally, it has been observed that the latent
heat of fusion decreases from the bulk value when the clus-
ter size is decreased [1]. Molecular dynamics simulations
have also shown a steady decrease in latent heat of fusion
with decreasing cluster size for gold clusters [4]. Kusche
et al. [13] have studied the variation of the latent heat
and they found out that the maxima occur near, but not
at the same sizes as for Tmelt and the peaks in the latent
heat seem to be shifted from that of Tmelt in the direction
of the icosahedral shell closings.

The width of phase transitions in finite systems has not
been studied systematically. Imry [42] has shown that the
broadening of a first-order phase transition is proportional
to the latent heat of the transition. Similar findings were
made by Labastie and Whetten [43].

The binding energy has been calculated for small (2 ≤
N ≤ 14) sodium clusters using both ab initio and clas-
sical molecular dynamics simulations [44]. The binding
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energy values calculated with the classical model are
0.15−0.20 eV higher than the ones calculated with the
ab initio method. They also increase monotonically and
approach the bulk sodium value already at N = 13.
Rey et al. [45] studied the binding energies of NiN , PdN ,
AuM , and AgN clusters (N = 2−23) on the basis of the
embedded-atom model and the second-moment approxi-
mation to the tight-binding method using constant-energy
molecular dynamics simulations. The calculated binding
energies increase monotonically as the size of the clus-
ter increases. Northby et al. [46] pointed out that the
most tightly bound Lennard-Jones cluster in the size range
13 ≤ N ≤ 147 is N = 135. This structure is a trun-
cated 147-atom icosahedron without its 12 corner atoms.
The binding energy differences showed also that the bind-
ing energy per atom increases linearly in the size range
136 ≤ N ≤ 147.

The aim of our work is to study the mechanisms by
which the large fluctuations in the melting temperature
of metal clusters are caused. In this paper, we present the
results from both semiclassical and ab initio molecular-
dynamics (MD) simulations of sodium clusters with both
magic and nonmagic numbers of atoms. Using the ab initio
method, we find melting temperatures in good agreement
with the experimental results [3,5,11] for Na+

55 and Na+
93.

With the semiclassical method, similarities were found for
sizes N < 150 for both melting temperature and latent
heat of melting, but not for the larger sizes. This indicates
that simple model potential calculations do not offer an
explanation for the nonmonotonical behavior but more
sophisticated methods are needed.

2 Simulation methods

Caloric curves for cluster sizes N = 40−355 were calcu-
lated with semiclassical molecular dynamics simulations
carried out using the Verlet algorithm for time-integration
of the equations of motion [47]. The Nosé-Hoover thermo-
stat [48] with time constant τ = 25 fs was used to derive
results valid for the canonical ensemble. We used the time
step 5 fs. The system was run for 0.5 ns to achieve equi-
librium at a specific temperature and 5 ns for extracting
the data.

For our simulations, we chose an empirical many-body
potential
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where ε0 = 15.956 meV, ζ0 = 291.14 meV, r0 = 6.99a0,
q = 1.30 and p = 10.13. The form and the parameters are
those given by Li et al. [49].

Several (from 17 to 35) constant temperature molecu-
lar dynamics simulations were performed for each cluster

size to obtain the caloric curve. The initial configurations
for all the simulations were icosahedral geometries. Non-
magic clusters were prepared by removing surface atoms
from a cluster with a magic number. The cluster sizes
studied were chosen to correspond to a local minimum or
maximum of the experimentally measured curve [3,11,13].
Total and potential energies as well as heat capacities were
used to analyse the transition from solid to liquid phase.
The melting temperature of the cluster was determined
to be at the temperature where the heat capacity curve
attains its maximum value.

For each cluster size we determined the energy of the
cluster versus its temperature. Because of the limited
number of simulations for one single cluster and statistical
fluctuation in energy, we fitted a monotonous function to
the simulation data. The total energy at any temperature
in the ensemble was estimated by

Etot(T ) = f(T )Csol(T ) + [1 − f(T )]Cliq(T ) (2)

where

Csol(T ) = asol + bsolT (3)

Cliq(T ) = aliq + bliqT (4)

and f(T ) is given by

f(T ) =
1

e(T−T0)/c + 1
. (5)

f(T ) and 1 − f(T ) represent the fraction of time spent
in the solidlike and the liquidlike phases, respectively. Be-
cause Etot curves for the solidlike and the liquidlike phases
were assumed to be linear outside the coexistence range,
a least-squares fit of points gives the constants asol, bsol,
aliq, bliq, T0 and c. c shows how abrupt the transition
is, and T0 is maximum point of the heat capacity. Now
the heat capacity can be directly extracted by taking the
derivative of Etot with respect to T , and the melting tem-
perature Tmelt extracted as the temperature where the
heat capacity attains its maximum value, which is T0.
Our method is thus analogous to the one employed by
Schmidt et al. [5,11]. Values of the latent heat of fusion
have been obtained by extrapolating the lines correspond-
ing to solidlike and liquidlike phases (Eqs. (3, 4)) to the
region in between and determining the energy difference
between these lines at T = Tmelt.

The ab initio calculations were performed using a BO-
LSD-MD (Born-Oppenheimer local-spin-density molecu-
lar dynamics) simulation method devised by Barnett and
Landman [50]. Since the ab initio MD method used is fully
documented in reference [50], we just give here a brief re-
view of the computational method.

In this method, the full electronic structure calculation
is done explicitly for the sodium 3s1 electrons with norm-
conserving nonlocal pseudopotentials and a plane-wave
basis set [51,52]. The Kohn-Sham one-electron equations
are solved at each time step using the LDA approxima-
tion to get the valence electron density. For each nuclear
configuration, the Hellmann-Feynman forces on the ions
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are calculated from the converged solution of the valence
electron density, so the total forces on the ions are these
forces together with the Coulomb repulsion of the positive
ion cores.

In the case of Na+
93, the initial configuration for the

simulation was a structure based on the icosahedron. Sev-
eral different structures were optimized to a local mini-
mum and the energetically most favorable one was cho-
sen as the starting configuration. An ab initio molecular
dynamics simulation was performed at three different to-
tal energies corresponding to average temperatures 248 K,
262 K, and 274 K. The cluster was first equilibrated for
1 ps and the dynamics of the cluster was monitored for
1 ps at each total energy using time step 1 fs. Several in-
dicators, for example the diffusion coefficient, were used
to determine the phase of the cluster at each total en-
ergy. With this information, an estimation for the melting
temperature for Na+

93 could be determined.
The results for Na+

55 are extracted from reference [39].
The simulation was started from a ionic configuration
corresponding to a perfect icosahedron. The cluster was
heated at a constant rate of 5 K/ps, and the energy vs.
temperature curves were plotted. From these curves, the
melting temperature region and the latent heat of melting
could be extracted as from a caloric curve. Details of the
method can be found for example in references [2,39].

3 Results

Semiclassical simulations were performed for selected clus-
ter sizes in the region N = 40−355. Almost all selected
cluster sizes are near local minimum or maximum val-
ues of the experimentally determined melting tempera-
ture as a function of cluster size curve [3,11,13]. All clus-
ter sizes except for Na40 satisfy the equation for Etot(T )
(Eq. (2)) quite well. Because the melting temperature re-
gion of Na40 is fairly broad, the simulated data does not
fit to equation (2).

Figure 1 shows three examples of the caloric curves
made by using semiclassical MD. For comparison Fig-
ure 1b shows the potential energy as a function of temper-
ature calculated using our ab initio method. The ab initio
simulation of Na+

55 is presented because it is the only one
we could compare to semiclassical results. The cluster size
Na168 is shown because this cluster size had the biggest
problem in fitting the curve from equation (2). For sizes
larger than 193 atoms, the caloric curves show a small in-
crease near the freezing temperature Tf . The size (Na215)
is an example showing this increase. The cause of this is
most likely surface melting, observed also previously for
large clusters [19].

The statistical errors of our semiclassical simulations
are relatively small as seen in Figure 1. However, for large
cluster sizes, with more than 150 atoms, it is nearly impos-
sible to find the geometry of the global minimum energy.
Also, in this size region there could be several quite dif-
ferent geometries within a small energy interval. We use
icosahedral starting geometries since we know that our

model potential gives those as ground state geometries
close to the complete icosahedra.

The melting temperature of sodium clusters deter-
mined experimentally [3,11,13], semiclassically, and with
the ab initio method is presented in Figure 2 as a function
of cluster size. The results of calculations made by Calvo
et al. [10] are also presented in the same figure.

Our semiclassical results show maxima of the melting
temperature are at cluster sizes N = 55, 139−142, 193
and 271−279. Geometrical shell closing numbers seem to
correlate with the melting temperature behavior for clus-
ters with less than 150 atoms, but not for the larger sizes.
The melting temperature region obtained both semiclas-
sically and with the ab initio method [2] for Na40 is also
presented in Figure 2. Experimentally, the melting tem-
perature for this size has not been determined due to the
problems caused by broadening of the phase transition.

The experimental results exhibit similar kind of be-
havior for sizes from 55 to 93 and near size 142 as the one
seen in our semiclassical results. However, for larger sizes,
the experimental curve has more maxima, and these do
not seem to correlate with ours. The overall temperature
difference between the experimental and the simulation
results is most likely caused by the difference between the
bulk melting temperatures. The melting temperature of
bulk for the semiclassical potential (Eq. (1)) used in our
simulations is 332.9 K as instead the experimental melting
temperature of bulk sodium is 370.1 K.

One could also mention that comparing with the re-
sults by Calvo and Spiegelmann [10], our melting temper-
atures are lower than those presented in reference [10].
The differences between the results are probably related
to different simulation and analyzing methods. Calvo and
Spiegelmann used Monte Carlo method with parallel tem-
pering [54,55], while we use standard molecular dynamics.

Comparison of the experimental and our semiclassi-
cal results of Figure 2 seems to indicate that by using a
phenomenological potential to describe the behavior of a
simple metal, one can not reproduce the variations seen in
the experimental melting temperature curve. Both curves
are nonmonotonic, but the peaks are not clearly correlated
in any size region. However, the melting temperatures ex-
tracted using the ab initio method seem to agree nicely
with the experimental ones also quantitatively. This indi-
cates that ab initio or corresponding treatment is needed
in order to reproduce the experimental results. This means
that the electronic structure plays an important role in the
nonmonotonic variation of the melting temperature.

The simulations for Na+
93 were performed in three dif-

ferent temperatures estimated to be close to the melt-
ing transition. Naturally, with help of only three points
it is not possible to determine the caloric curve. Never-
theless, the solid or liquid phase can be quite reliably de-
termined by comparing the diffusion constant with those
determined for other cluster sizes. We have earlier esti-
mated the melting temperature region of Na+

55 using sev-
eral different methods, including the caloric curve and the
diffusion constants [8].
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Fig. 1. Potential energy as a function of temperature. Open circles are results from constant temperature simulations with the
semiclassical potential (the point size represents statistical errors). Solid lines show the fits to equation (2). The ab initio result
shows the potential energy variation during heating with a thermostat.

The diffusion constant is calculated from the mean
square displacement of the ions with respect to the po-
sitions of the ions (D = (MSD)2/6t). The melting re-
gion may be interpreted to be when the diffusion constant
starts to increase. When the cluster is solid the diffusion
coefficient displays values lower than 0.3×10−5 cm2/s [2].
The diffusion coefficient increases when the temperature
is increased and the cluster is melted and finally the value
for the diffusion coefficient reaches the bulk liquid sodium
value, which is over 2 × 10−5 cm2/s. In the case of Na+

55
the diffusion constant was calculated over time periods of

4 ps and plotted as a function of the average temperature
in each time periods.

The results for the diffusion constant are shown in Fig-
ure 3 together with the diffusion constants determined for
the ab initio Na+

93 at temperatures T = 248, 262 and
274 K. The diffusion constant is calculated in the case
of Na+

93 over the last time period of 1 ps. The melting
region of Na+

55 starts at about 300 K seen as a fast in-
crease of the diffusion constant as a function of tempera-
ture. Large values of the diffusion constant for Na+

93, and
fast increase with T strongly indicate that the melting
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Fig. 2. Melting temperature of sodium clusters as a function
of cluster size. Our results are marked with a filled circle, the
experimental results of Haberland et al. [3,11,13] are marked
with a star, and the results by Calvo et al. [10] are marked with
an open triangle (SMA) and an open square (TB). The points
have been connected with each other using different linetypes
but the lines do not tell how the melting temperature behaves
between the points.

temperature of Na+
93 is below the lowest simulated tem-

perature 248 K, in good agreement with the experimental
findings.

Figure 4 shows the Kohn-Sham single-electron energy
eigenvalues of Na+

93 in temperature 274 K as a function of
time. The electronic structure exhibits clear energy gaps
at 2, 8, 18, 20, 34, 58, 92, and 138, consistent with the
spherical jellium picture [41]. All these gaps, including the
HOMO-LUMO gap at 92, remain open during the simu-
lation, showing that the liquid cluster stays electronically
magic. It is interesting to note that the experimentally ob-
served magic number 40 is not seen as a clear gap. Indeed,
the result suggests that for a spherical system, 34 actually
is a more clear electronic magic number than 40, as well-
known from spherical jellium calculations. The fact that
40 is the true magic number in experiments is a manifesta-
tion of a strong octupole deformation of this cluster size as
suggested first by Hamamoto et al. [53] and demonstrated
by ab initio simulations by Rytkönen et al. [2]. The oc-
tupole deformation opens a large HOMO-LUMO gap for
the size 40 and makes that an important magic number
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Fig. 3. The diffusion constant as a function of the temper-
ature. Open circles and filled circles represent the simulation
results for Na+

55 and Na+
93, respectively.

Fig. 4. The Kohn-Sham single-electron energy eigenvalues
of Na+

93 at temperature 274 K as a function of time. The dis-
continuity line presents the Fermi energy.

instead of the size 34. In the case of simulated Na+
93, the

electronic structure favors a spherical shape and the gap
at 40 electrons stays small. The present ab initio simula-
tions together with our earlier studies clearly show that
the liquid sodium clusters stay electronically magic, sug-
gesting that the electronic shell structure could have a role
in the melting process.
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Fig. 5. Latent heat of sodium clusters as a function of cluster
size. Our results are marked with a filled circle, the experi-
mental results of Haberland et al. [5,13,25] are marked with
a star, and the results by Calvo et al. [10] are marked with
an open triangle (SMA) and an open square (TB) (SMA uses
the same potential as ours). The points have been connected
to each other with different lines but the lines do not tell how
the latent heat behaves between the points.

The latent heat of melting as a function of cluster
size determined both experimentally and with both our
and Calvo’s [10] simulation method is shown in Figure 5.
The curve shows maxima at cluster sizes N = 55, 142,
271 and 309. The experimental latent heat of fusion for
N = 55−139 behaves similarly as our results [5,13,25],
but again, the results for the larger sizes do not correlate.

Comparing the latent heat of fusion (Fig. 5) to the
melting temperature (Fig. 2) determined with the semi-
classical method, we find out that the behaviors from 55
to 120, from 139 to 193, and from 215 to 271 are similar in
these two quantities. In the size range from 279 to 309, the
peak in the latent heat curve is shifted from that of Tmelt

toward of the icosahedral shell closing. Good correlation
between these two quantities can be seen in Figure 7. Gen-
erally, it seems that the melting temperature and latent
heat of fusion are both sensitive to same factors. The clus-
ter size N = 309 is interesting, because the latent heat of
fusion is relatively high (Fig. 7). On the other hand, the

latent heat of size N = 279 is smaller than expected on
the basis of the melting temperature.

The experimental results of Schmidt et al. indicate
that melting temperatures and latent heats of fusion could
have correlation with each other [25]. They also observed
that the maxima in the latent heat curve seem to be
shifted from the maxima for the melting temperature to-
wards of the icosahedral shell closing. Ab initio calcula-
tions for a 55 atom cluster showed that the melting tem-
perature and the latent heat of fusion are both a little
higher than the experimental values [8], so they correlate
with each other in a similar manner as the experimental
values.

However, our latent heats do not correlate with the re-
sults of Calvo and Spiegelmann [10]. Calvo et al. predict
two different variations for the latent heat and no correla-
tion with Tmelt. These calculations also overestimate the
latent heat over the whole size range. The reason for this
can lie in a method different from ours used to analyse the
latent heat.

The half width of the heat capacity peak (given by c
in Eq. (5)) as a function of cluster size is presented in Fig-
ure 6a. The curve shows pronounced maxima in the cases
of 93, 120, 215 and 345 and minima in the cases of 142,
279 and 355. The width and the height (not shown) of the
peak correlate with each other. The heat capacity peak
gets higher and narrower in the cases of 142, 279 and
299 atoms. The width of the heat capacity peak gener-
ally decreases with increasing N , but is not a monotonic
function of N .

Figure 6b presents the binding energy difference for
sodium clusters as a function of size. Binding energy, by
itself, is found to be a monotonically increasing function
of cluster size for this model. To see the possible re-
gions of increased stability, it is convenient to subtract
a smooth size dependence from the energy. This can be
obtained by fitting the binding energies to Ebinding

ave =
a+bN−1/3+cN−2/3+d/N , where a, b, c and d are the fit-
ting parameters. After the fit, we get values a = 1.203 eV,
b = −2.152 eV, c = 5.315 eV and d = −8.501 eV. The
highest maxima at sizes N = 55, 135 and 297, agree with
those obtained also by Northby [46] and are caused by the
icosahedral geometry.

Figure 1 demonstrates that the specific heats for the
solid and the liquid phases are almost constant, which is in
agreement with the experimental results of reference [25].
The average value of heat capacity for the solid phase
is 0.275 meV/K per atom and the average value of the
heat capacity for the liquid phase is 0.343 meV/K. These
values are slightly higher than the experimental values
0.245 meV/K and 0.303 meV/K for bulk solid and liquid,
respectively [25]. These values are comparable with the
Dulong-Petit value 0.26 meV/K.

4 Conclusion

The molecular dynamics simulations with a tight-binding
potential show that the melting temperature of small
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Fig. 6. (a) The half width of the heat capacity peak (c) versus
cluster size. (b) The binding energy difference of sodium cluster
as a function of size. Both the half width and the binding
energy difference have been calculated by using semiclassical
molecular dynamics simulations.

sodium clusters is a non-monotonous function of cluster
size. For the sizes 55, 93 and 147, the qualitative depen-
dence is similar to that observed experimentally. However,
for larger clusters the simulated size-dependence of the
melting temperature does not follow the experimental re-
sults.

The ab initio molecular dynamics methods was used to
simulate the Na+

93 cluster at three different temperatures.
The results showed that the cluster melts at a temper-
ature below 240 K, in agreement with the experimental
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Fig. 7. Correlation between latent heat of fusion and melting
temperature calculated using semiclassical molecular dynamics
simulations.

melting temperature of about 210 K. Our earlier simula-
tions showed that the melting temperature of Na+

55 was
between 300 and 350 K, in fair agreement with the exper-
imental result of 290 K. Both these simulations indicate
that the ab initio molecular dynamics could give accurate
results for the melting temperatures of sodium clusters, if
enough computation power would be available.

The ab initio simulations for Na+
93 showed that even

in the liquid state the cluster stays electronically magic.
The HOMO-LUMO gap stays open even though the indi-
vidual single-electron energy levels oscillate quite strongly
with time. The present result also confirms the earlier find-
ing [2] that the 40 electron sodium cluster is made magic
by a strong octupole deformation.
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